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Abstract
We define a deformed kinetic energy operator for a discrete position space with a finite number of points. The
structure may be either periodic or nonperiodic with well-defined end points. It is shown that for the nonperiodic
case the translation operator becomes nonunitary due to the end points. This uniquely defines an algebra which
has the desired unique representation. Energy eigenvalues and energy wave functions for both cases are found.
As expected, in the continuum limit the solution for the nonperiodic case becomes the same as the solution of an
infinite one dimensional square well and the periodic case solution becomes the same as the solution of a particle
in a box with periodic boundary conditions.
1 Introduction
The conventional formulation [1] of quantum mechanics starts with a position space which is the set of real
numbers. This leads to physical states which are vectors of a separable Hilbert space. The observables are then
described by hermitian operators on this Hilbert space. Angular momentum and spin one half are the well known
systems in which observables have finite and discrete values. Furthermore, quantum information theory, quantum
optics and the lattice models are all realized in a finite dimensional Hilbert space. One can find a guide to the
literature on the applications in Vourdas’ work [2], where quantum systems with finite Hilbert space are considered
and phase-space methods are discussed. In this paper we would like to investigate what happens when the position
space or the momentum space consists of a finite number of points so that the Hilbert space associated with the
quantum mechanics is finite dimensional. Schwinger [3] has given a most instructive example where the position space
and the momentum space each consist of d points and are both periodic. The starting point for this consideration is
the well-known simple quantum mechanics on the circle S1. In this case the position space is continuous whereas the
momenta are given by pn =
~
r
n, (n = 0,±1,±2, ...) where r is the radius of the circle. Now restricting the position
space S1 to integer multiples of angle 2pi/d, the position eigenvectors can be denoted by |n〉 , n = 0, 1, 2, ..., d− 1 such
that
X |n〉 = 2pir
d
n |n〉 . (1)
Note that this equation is not well-defined because the operator X is defined modulo 2pir. A well defined operator is
obtained by putting V = eiX/r , which satisfies
V |n〉 = e i2pid n |n〉 = qn |n〉 , where q = e 2piid . (2)
By the standard interpretation of quantum mechanics, V can be regarded as the unitary translation operator in
momentum space. On the other hand, the translation operator in position space should be defined by
U |n〉 = |n+ 1〉 , n = 0, 1, 2, ..., d− 2, (3)
U |d− 1〉 = |0〉 . (4)
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It follows that U and V satisfy [3]
Ud = V d = 1, (5)
V U = qUV, where q = e
2pii
d , (6)
U † = U−1, V † = V −1, (7)
which can be taken as the defining relations of quantum mechanics with d points in periodic position space and
periodic momentum space. Eq. (6) is usually taken as the starting point of quantum mechanics in a space with
a finite number of points. It can be shown that by taking the limit where the number of points is infinite, the
Heisenberg commutation relation for P and X is obtained [4]. Thus one can intuitively think that the correct choice
of the Hamiltonian at the corresponding continuum limit will result in our calculations in this paper. However, until
now, the formulation of the Hamiltonian has not been considered.
Taking eq. (6) as the starting point necessarily leads to periodicity in position space and momentum space. In
this paper we will show that it is also possible to have quantum mechanics in a space with a finite number of points
where the space is not periodic.
In standard quantum mechanics both the translation operator in position space denoted by U and the translation
operator in momentum space denoted by V are unitary. In terms of the momentum operator P and the position
operator X ,
U(a) = e
−iaP
~ , (8)
V (b) = e
ibX
~ , (9)
V (b)U(a) = e
iab
~ U(a)V (b), (10)
where P and X are well-defined hermitian operators. However for the discrete finite case only U and V are well-
defined.
Bonatsos et al. [5] have considered the position and momentum operators for the q-deformed oscillator with q
being a root of unity. They have shown that the phase space of this oscillator has a lattice structure, which is a
non-uniformly distributed grid. In contrast, in this paper we assume that the grid is uniform.
We define a deformed momentum operator
P˜ =
2pi~
ad
U−1/2 − U1/2
q1/2 − q−1/2 , where q = e
2pii
d , U = e
−iaP
~ , (11)
where in the last equation P is not well-defined since momentum is periodic. As a→ 0 and d→∞ so that ad = finite
P˜ = P +O(P 3). (12)
Although the half integer power in the exponent may look problematic, for the choice of the free particle Hamiltonian
the half integer power is irrelevant. Thus our choice of the Hamiltonian is given by
H =
1
2M
P˜ 2 =
pi2~2
(ad)2M
[2− (U + U †)]
2sin2(pi/d)
, (13)
where M is the mass of the particle.
For a Hamiltonian to be acceptable it should reduce to p
2
2m in the continuum limit. Our choice of the Hamiltonian
is not unique. However, it is the simplest Hamiltonian which gives p
2
2m in the continuum limit because it contains
the first power of U and U †.
2 Nonunitary translation operators
We would also like to address the quantum mechanics when the position space is not periodic. We consider
a position space of d points where a particle located at position X = na is described by the ket vector |n〉 , n =
0, 1, ..., d− 1 where
X |n〉 = na |n〉 . (14)
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We regard the points x = 0 and x = (d − 1)a as the end points of this discrete position space. We have to decide
how the translation operator acts at the end points. For the right translation we define an operator u+ whose action
on the position eigenstates |n〉 is given by
u+ |n〉 = |n+ 1〉 , n = 0, 1, ..., d− 2, (15)
u+ |d− 1〉 = 0. (16)
Similarly, the left translation operator will be denoted u− which satisfies
u− |n〉 = |n− 1〉 , n = 1, ..., d− 1, (17)
u− |0〉 = 0. (18)
Note that this is the simplest kind of generalized oscillator which has a finite number of states. The most
well-known of these generalized oscillators is the Biedenharn-Macfarlane oscillator [6, 7] with the spectrum
a†a =
qN − q−N
q − q−1 , (19)
with real q. The spectrum also becomes well-defined when q is a root of unity. The representations of the q-deformed
oscillator algebra [8] with q a root of unity are discussed in [9].
Taking the position eigenstates as orthonormal, the translation operators u+ and u−, instead of being unitary,
satisfy the algebra
ud+ = u
d
− = 0, (20)
u†+ = u−, (21)
u−u+ = 1− ud−1+ ud−1− , (22)
u+u− = 1− ud−1− ud−1+ . (23)
Because our space has a finite number of points with 0 ≤ n ≤ d− 1,
ud+ |n〉 = ud− |n〉 = 0. (24)
Thus eq.(20) is satisfied. One can easily define u+ and u− in terms of position eigenstates and can arrive at eq.(21)
because these states are orthonormal.
Then we check the unitarity of the operators
u+u
†
+ |n〉 = u+u− |n〉 6= |n〉 , only when |n〉 = |0〉 , (25)
u−u
†
− |n〉 = u−u+ |n〉 6= |n〉 , only when |n〉 = |d− 1〉 , (26)
otherwise
u+u
†
+ |n〉 = u+u− |n〉 = |n〉 , n = 1, 2, ...d− 1, (27)
u−u
†
− |n〉 = u−u+ |n〉 = |n〉 , n = 0, 1, ...d− 2. (28)
This means that we should have an additional term that breaks unitarity. This is the second term on the right hand
side of eqs.(22) and (23). One can easily show that eqs. (22) and (23) are not only satisfied at the end states but
also satisfied at intermediate states. The minimal set of relations which define the algebra generated by u and u† is
given by
uu† = 1− u†d−1ud−1, and ud = 0,
where u+ = u
† and u− = u.
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Now we will show that these relations imply a unique representation with the desired properties and lead to a set
of relations satisfied by u and u†. We define two useful operators
P0 = 1, (29)
Pn = u
†nun. (30)
If we can show that
PnPm = Pm, m ≥ n, (31)
we will have the inclusion relation
P 2n = Pn. (32)
Thus we can consider them as the projection operators. We will prove eq.(31) by induction. For n = 1, we write
P1Pm = u
†uu†mum
= u†(uu†)u†m−1um (33)
using eq. (22)
P1Pm = u
†(1− Pd−1)u†m−1um, (34)
and using eq. (20)
P1Pm = u
†mum = Pm. (35)
For n = l + 1, we have
Pl+1Pm = u
†Pl(uu
†)Pm−1u
= u†Pl(1− Pd−1)Pm−1u
= u†PlPm−1u− u†PlPd−1Pm−1u, where l + 1 ≤ m. (36)
Assuming eq.(31) holds for n = l and remembering l + 1 ≤ m implies l ≤ m− 1
Pl+1Pm = u
†Pm−1u− u†Pd−1Pm−1u, (37)
using u†Pd−1 = 0
Pl+1Pm = u
†Pm−1u = Pm. (38)
Thus the proof is complete.
Before going further, we will supply two more useful equations
Pmu
† = u†mum−1(uu†)
= u†Pm−1(1− Pd−1)
= u†Pm−1 − u†Pd−1
= u†Pm−1, (39)
and
uPm = (uu
†)Pm−1u
= (1− Pd−1)Pm−1u
= Pm−1u− Pd−1u
= Pm−1u. (40)
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By replacing m with m+ 1, we obtain
Pmu = uPm+1. (41)
Now we will prove
unu†n = 1− Pd−n, (42)
which implies the last part of our algebra eq.(23) when n = d− 1
ud−1u†d−1 = 1− u†u.
Our method is proof by induction. For n = 1
uu† = 1− Pd−1, (43)
which is eq.(22).
For n = k + 1, we have
uk+1u†k+1 = u(uku†k)u†. (44)
For n = k we assume uku†k = 1− Pd−k. By substuting this in the last equation, we obtain
uk+1u†k+1 = u(1− Pd−k)u†
= uu† − uPd−ku†. (45)
Using eq. (22) for the first term on the RHS and eq. (41) for the second term on the RHS, we get
uk+1u†k+1 = 1− Pd−1 − Pd−k−1uu†, (46)
using eq.(22) once more for the term uu†,
uk+1u†k+1 = 1− Pd−1 − Pd−k−1(1− Pd−1), (47)
remembering PnPm = Pm for m ≥ n, which was our first proved equation
uk+1u†k+1 = 1− Pd−1 − Pd−k−1 + Pd−1
uk+1u†k+1 = 1− Pd−(k+1) Q.E.D.. (48)
3 Eigenvalues and eigenfunctions of the Hamiltonian for the nonperiodic
space
In a manner similar to eq. (13), we choose the Hamiltonian for the non-periodic case
H =
pi2~2
(ad)2M
[2− (u+ u†)]
2sin2(pi/d)
. (49)
We now calculate the eigenvalues and eigenvectors of (u+ u†)
|λ〉 =
d−1∑
n=0
λn |n〉 , (50)
(u+ u†) |λ〉 =
d−1∑
n=0
(λn |n− 1〉+ λn |n+ 1〉) =
d−1∑
n=0
λλn |n〉 , (51)
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λn+1 + λn−1 = λλn, with λ−1 = 0, and λd = 0. (52)
We obtain the general solution λn = Ae
inθ + Be−inθ, where cosθ = λ/2. Using the boundary conditions λ−1 = 0
and λd = 0, we get B = −Ae−2iθ and θ = pi m
d+ 1
where m = 1, 2, ..., d. m = 0 is excluded because it does not yield a
non-zero eigenvector. Thus for each value of n, we obtain m different eigenvalues, given by
λ(m)n = Am(e
iαnm − e−2iαme−iαnm) where α = pi/(d+ 1), (53)
= Am2ie
−impi
1+d sin[
m(1 + n)pi
1 + d
]. (54)
If we normalize
∣∣λ(m)〉, we obtain
Am =
√
1
2(d+ 1)
. (55)
As a result the eigenvectors are written as
∣∣∣λ(m)〉 = 2ie−impi1+d√
2(d+ 1)
d−1∑
n=0
sin[
m(1 + n)pi
1 + d
] |n〉 , (56)
and the corresponding eigenvalues are given by
λ(m) = 2cosθ = 2cos(
pim
d+ 1
) with m = 1, 2, ...d. (57)
Now, it is time to compare what we have found with the usual quantum particle in an infinite one-dimensional
square well. We calculate the eigenvalues of the Hamiltonian, by applying eq.(49) to eigenvectors given by eq.(56).
We find
Em =
2pi2~2
(ad)2M
sin2[ pim2(d+1) ]
sin2(pid )
where m = 1, 2, ..., d. (58)
In the continuum limit a→ 0, d→∞ and a(d− 1) = L, these energy eigenvalues become
Em =
pi2~2m2
2ML2
, (59)
which are the same energy eigenvalues in the case of a particle confined in an infinite one dimensional square well of
width L. The wave functions are given by
ψm(n) = C
(m)
n
〈
n
∣∣∣ λ(m)〉 = C(m)n
√
2
d+ 1
sin[
m(1 + n)pi
d+ 1
]. (60)
We can easily find C
(m)
n by normalization of the wave function,
d−1∑
n=0
|ψm(n)|2 a = 1, C(m)n =
1√
a
. (61)
Thus the wave functions can be written as
ψm(n) =
√
2
(d+ 1)a
sin[
m(1 + n)pi
d+ 1
] where m = 1, 2, ..., d. (62)
In the continuum limit the wave function becomes
ψm(x) =
√
2
L
sin[
mpix
L
], (63)
which agrees with the wave functions of a square well in the interval 0 ≤ x ≤ L .
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4 Eigenvalues and eigenfunctions of the Hamiltonian for the periodic
space
For the periodic case, we need to find eigenvalues of (U +U †) using the position basis. Our choice is the same as
eq. (50). If we apply (U + U †) to this eigenvector, we will have
λn+1 + λn−1 = λλn with λ0 = λd. (64)
Since the equation is linear, we can superpose linearly independent solutions to find the general solution. Since we
desire the linearly independent solutions to be real in order to be able to plot the wave function, we choose λn as
λn = Ccos(nθ) +Dsin(nθ), (65)
which satisfies eq.(64) with λ = 2cosθ. If we impose the boundary condition λn = λd+n, we obtain θ =
2pim
d
with
m = 0, 1, ..., d− 1 and
∣∣∣λ(m)〉 = d−1∑
n=0
[Ccos(
2pinm
d
) +Dsin(
2pinm
d
)] |n〉 . (66)
At this point there are options regarding the choice of C and D. By introducing a phase angle we can write this
equation as
∣∣∣λ(m)〉 = d−1∑
n=0
Cmcos(
2pinm
d
− γm) |n〉 where γm = 2pin0m
d
. (67)
By selecting n0 and n = − d−12 ,− d−12 + 1, ..., d−12 , the solutions become parity eigenstates. Thus parity corresponds
to n→ −n. As a result, n0 = d−12 and for normalized eigenvectors we get
Cm =


√
1
d
if m = 0,√
2
d
if m 6= 0.
(68)
The final form of eigenvectors is given by
∣∣∣λ(m)〉 = Cm d−1∑
n=0
cos[
2pinm
d
− 2pi(d− 1)m
2d
] |n〉 , (69)
and the eigenvalues are given by
λ(m) = 2cosθ = 2cos(
2pim
d
) where m =


0, 1, ..., int(
d− 1
2
) for positive parity states,
1, 2, ..., int(
d
2
) for negative parity states.
(70)
Hence we find the energy eigenvalues as
Em =
2pi2~2
(ad)2M
sin2[mpid ]
sin2(pid )
. (71)
In the continuum limit, we set ad = L and find
Em =
2pi2~2m2
ML2
, (72)
which are the same as energy eigenvalues in the case of particle in a box with periodic boundary conditions.
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We continue by obtaining the wave functions. Applying the same method that we used for the nonperiodic case,
we find that the ground state is unique and given by
ψ0(n) =
√
1
da
. (73)
For odd d the excited states are doubly degenerate, whereas for even d the excited states are doubly degenerate
except the highest energy state. The eigenvalues of the position operator are given by
X |n〉 = an |n〉 , n = −d− 1
2
,−d− 1
2
+ 1, ...,
d− 1
2
. (74)
Then the positive parity excited states are given by the wave functions
ψ+m(n) =
√
2
da
cos(
2pimn
d
), m = 1, 2, ..., int(
d− 1
2
), (75)
and the negative parity excited states are given by the wave functions
ψ−m(n) =
√
2
da
sin(
2pimn
d
), m = 1, 2, ..., int(
d
2
). (76)
If one plots the wave functions, it is observed that the wave functions of the omitted m values are the same as
the wave functions of the indicated m values. The total number of states, including the ground state, is d.
At the continuum limit, the ground state wave function, the even parity wave functions and the odd parity wave
functions respectively become
ψ+0 (x) =
√
2
L
, (77)
ψ+m(x) =
√
2
L
cos[
2mpix
L
], (78)
ψ−m(x) =
√
2
L
sin[
2mpix
L
], (79)
which are the even parity solutions and the odd parity solutions for a particle in a box in an interval −L/2 ≤ x ≤ L/2
with periodic boundary conditions.
5 Discussion
The d = 2 case gives the fermionic oscillator. For this case u† and u correspond to the creation and annihilation
operators for a single fermionic degree of freedoom. For the periodic case Schwinger [10] has shown that for d = 2,
U and V in fact generate the Pauli algebra. Our work shows that even for the non-periodic case, d = 2 leads to
Pauli-matrices through the relations,
σ1 = u
† + u, (80)
σ2 = i(u
† − u), (81)
σ3 = uu
† − u†u. (82)
We should also note that a universe with a finite number of points may be a physical reality. The size of the
visible universe is 1027 m, whereas the smallest classical length is the Planck length, 10−35 m. This means that the
physical space continuum can be regarded as consisting of duniverse/lplanck = 10
62 points lying along one dimension.
Thus, it may be that what we call the space continuum can be described by quantum mechanics with d = 1062 points
along one dimension. Another possibility is that in a Klauza-Klein like theory [11] the internal space can consist of
a finite number of points.
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